systems having the multiaffine parametric perturbations using quantitative feedback theory.
I. INTRODUCTION
Since the 1970s, dynamic characteristics of various motors are widely studied, to deal with starting up, speed control, and oscillations of the motors [1] - [7] . In the study of dynamic characteristics of motors, there are many problems that remain to be further addressed, such as their low-speed feature, known as the low-frequency oscillations of speed-controlled motors. These problems are closely related to the studies of chaos in nonlinear systems [8] .
It is well known that the existing mathematical models of motors are multivariable, nonlinear, and strongly coupled, therefore these systems can exhibit complex behaviors [9] - [11] . It is now a common belief that understanding and utilizing the rich dynamics, such as bifurcations and chaos, of nonlinear systems have an important impact on the modern technology. A permanent-magnet synchronous motor (PM SM) is a kind of high-efficient and high-powered motor. With the development of permanent-magnet materials, its unique advantage is increasingly evident, and it is widely used in motor drive, various servo systems and household appliances. In this pursuit, however, research on bifurcation and chaotic phenomena of the PMSM is still behind the rapidly evolving trend of nonlinear sciences and engineering.
In this brief, we further study and present some new observations on the strange attractors of the PMSM. First of all, the mathematical model of the PMSM is derived, which is a three-dimensional autonomous equation with only two quadratic terms, and this model is fit for carrying on bifurcation and chaos analysis. Secondly, the steadystate characteristics of the motor, when subject to constant input voltage and external torque, are formulated. A third-order polynomial equation 
II. THE SYSTEM MODEL
The dynamics of a PMSM can be modeled, based on the d-q axis [1] , [6] , [12] , as
where i d ; iq and ! are the state variables, which represent currents and motor angular frequency, respectively, u d and uq the direct-and quadrature-axis stator voltage components, respectively, J the polar moment of inertia, TL the external load torque, the viscous damping coefficient, R 1 the stator winding resistance, L d and L q the directand quadrature-axis stator inductors, respectively, r the permanentmagnet flux, and np the number of pole-pairs.
By applying an affine transformation
and a time-scaling transformation t = t 
For the sake of simplicity, in this brief, we only study the dynamic characteristics of the smooth-
By calculating the equilibrium of this system, we obtaiñ
i q =! +T L ;
Solving (8) can determine!, then substituting it into (6) and (7) can determineĩ d andĩ q , thus the equilibria are derived.
III. BIFURCATIONS AND CHAOS IN THE PMSM SYSTEM
Hopf bifurcation occurs when the corresponding Jacobian matrix has a pair of purely imaginary eigenvalues, with the remaining eigenvalues having nonzero real parts [13] - [18] .
For the PMSM system, its Hopf bifurcation and chaotic behavior are discussed under the following three cases.
In this case, system (5) is identical to the Lorenz equation. This case can be thought of as that, after an operating period of the system, the external inputs are set to zero.
Applying the equilibrium conditions to (6)- (8), it is determined that the origin is an equilibrium state and that other two nontrivial equilibria exist, if > 1, which are defined bỹ 
A little linear analysis shows that the origin is stable if 0 < < 1 and loses stability in a pitchfork bifurcation at = 1, creating the two nontrivial equilibria which are initially stable. To determine the stability of these nontrivial equilibria we look at the Jacobian matrix 
Therefore, = h corresponds to a Hopf bifurcation point of the system, for close enough values 6 = h , equilibria are surrounded by a limit cycle, and for > h all three equilibria become unstable. 
the eigenvalues corresponding to the two nontrivial equilibria are 1 = 0( + 2) and 2;3 = 6j (2( + 1))=( 0 2). Therefore,ũ d = u dh corresponds to a Hopf bifurcation point of the system, for close enough valuesũ d 6 =ũ dh , equilibria are surrounded by a limit cycle, and for 0ũ d > 0ũ dh all equilibria become unstable.
C.ũ d ;ũq andTL are in General
Applying the equilibrium conditions to (6)- (8) 2 holds, which follows the same procedure as in Subsection A, the system exhibits a limit cycle, while whenTL takes some deterministic values, by adjustingũ d orũq properly, the system exhibits chaos.
If the equilibria are restricted in the real domain, 1 0 must hold, where 1 = (q=2) 2 + (p=3) 3 ; p = (
Here, we consider two subcases. Substituting them into (6) and (7), respectively, we obtain the two corresponding equilibria as follows: where !0 = (01 + p 3j)=2.
By substituting them into (6) and (7), respectively, the equilibria can 
IV. SIMULATION RESULTS
In this section, we provide some simulation results to verify the existence of chaotic attractors in a PMSM. Note that for Hopf bifurcation to occur at the two nontrivial equilibria, one must have > 2 for the first two cases, i.e.,ũ d =ũ q =T L = 0 andũ q =T L = 0 butũ d 6 = 0.
To illustrate some of the viewpoints given above, computer simulation results corresponding to a PMSM are presented. As mentioned above, for every PMSM there exist appropriate values ofũ d ;ũ q , and T L , under which the system exhibits limit cycles or chaotic behaviors. Using the trial-and-error method, we can find while = 14:1, which is close to the Hopf bifurcation point, the equilibria are surrounded by a limit cycle as shown in Fig. 1 with the initial value (ĩ d ;ĩ q ;!) = (0:01;0:01;0:01). Furthermore, when = 20 > h , the system can exhibit chaotic behavior as shown in Fig. 2 . These phenomena can be For the case ofũ d ;ũq, andTL being arbitrary in general, without loss of generality, letũ q andT L be fixed, so we can adjustũ d such that 1 = 0. We choose the given parameters as above, and set T L = 1:2 N1m andũ q = 1. By letting 1 = 0, we obtain, via numerical evaluation, u d1 = 00:9014 andũ d2;3 = 00:4179 6 j0:0769 (ignored). Fig. 5 depicts the simulation result, which shows that the system is stable. 
V. CONCLUSION
The dynamic characteristics of a PMSM have been studied in detail. It was demonstrated that by adjusting system parameters properly, the system could exhibit different dynamic characteristics, such as steady states, limit cycles, and chaos. A numerical method has been proposed to adjust these parameters for intended dynamics. Finally, computer simulations were presented to illustrate the presence of different dynamic characteristics in a PMSM. More theoretical studies on the chaotic nature of the PMSM are undertaken based on the mathematical chaos theory [8] , [13] , [16] , along with the control and utilization of chaos in a PMSM, which include studying the advantages and disadvantages of chaos in a PMSM, further studying control or anticontrol of chaos on purpose in it.
